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1. INTRODUCTION AND RESULT 
This is a continuation of my work started in [17]. Let me recall some 
notation of that paper. If p is a prime number, a finite group G belongs to 
the class Q,, if every absolutely irreducible p-modular character of G is lif- 
table. A p-modular character is called liftable if it is the restriction of an 
ordinary character to the p-regular elements of G. A group which is in 2, 
for all primes p is called an g-group. It follows from the famous 
Fong-Swan Theorem that the soluble groups are contained in 53. 
In an attempt to prove a converse, I was able to obtain the following 
result in [17]: 
THEOREM A. If the finite group G and all its factor groups are in 2, then 
G is soluble. 
Although the hypothesis on the factor groups in Theorem A is quite 
unnatural, it cannot be removed. For example, X(2, 5) is in Q!, but A, is 
not, i.e., factor groups of CP-groups need not be 5?!,-groups again. 
However, the following is true: 
PROPOSITION. Let G be an f&-group, H 4 G. Then G/O*(H) is an 
Q!,-group. (Here OP(H) denotes the minimal normal subgroup of H with 
p-factor group.) 
The reason for these observations is the following: if an RG-lattice is 
reduced modulo rc, where R is some p-adic number ring with maximal ideal 
nR, then this reduction may have a larger kernel. The quotient of the two 
kernels, however, is a p-group. 
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When in a talk in Mainz I sketched a prove of the above proposition, 
B. Huppert suggested that one could overcome the difficulties by a suitable 
choice of the ring R. Namely, if R = Z and p is an odd prime, the reduction 
of an RG-lattice modulo p has the same kernel as the lattice itself. This is 
sometimes called Minkowski’s theorem. The same holds true if R is the ring 
of integers of some unramified extension over the p-adic numbers Q,, when 
p is odd. 
An ordinary irreducible character of G is called p-rational if its values lie 
in Q(o), where o is some nth root of unity with p not dividing n. Now if a 
character is p-rational and irreducible modulo p, then it can be realized 
over some unramified extension of Q,. Thus Theorem A together with 
Huppert’s suggestion leads to the formulation of the following theorem, 
which is the main result of this paper. 
THEOREM A’. Let G be a finite group. Suppose that for all primes p, 
every absolutely irreducible p-modular character of G is liftable to a 
p-rational ordinary character. Then G is soluble. 
By Isaacs’ refinement of the Fong-Swan Theorem, a soluble group has 
the above liftability property. Even more: if p is odd, the p-rational lift of a 
Brauer character is unique. But I do not need to assume uniqueness in the 
above theorem. A local version of Theorem A’ does not hold: every 
absolutely irreducible 3-modular character of A, is liftable to a unique 
3-rational character. 
The proofs of Theorems A and A’ use the classification of finite simple 
groups. To prove Theorem A, I considered a minimal counterexample and 
a simple group in its socle. Almost all of the finite groups of Lie type of 
characteristic p could be shown not to occur in this socle. This was done 
using some basic facts about their representations in the defining charac- 
teristic. For odd p, similar methods could be applied to rule out these 
groups as possible composition factors in a group satisfying the hypotheses 
of Theorem A’. However, this does not work if p = 2, due to the fact that 
Minkowski’s theorem is only true for odd primes. So I had to introduce 
new methods to deal with the groups of Lie type of even characteristic. 
Then I observed that these methods also work for most of the remaining 
simple groups. The idea is the following: Let G be a group with every 
p-modular character liftable to a p-rational ordinary. If S is a composition 
factor of G which has a cyclic Sylow p-subgroup, then the Brauer tree of 
the principal p-block of S is a star. Using the classification theorem, all 
simple groups with this property are determined. 
Therefore, in this paper, I shall give a proof of Theorem A’ which is 
almost independent of [17]. Only some elementary facts of that paper will 
be used. The proof of Theorem A’ is much shorter, and, I hope, much 
clearer than that of Theorem A. 
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2. REDUCTIONS 
Let 2; be the class of groups with the property that every absolutely 
irreducible p-modular character is liftable to some ordinary p-rational 
character. Then we have the following crucial results. 
PROPOSITION 1. Let p be an odd prime, GE !I?; and H d G. Then 
GfH E 9;. 
Proof. Let cp be an absolutely irreducible Brauer character of G/H. 
Then there exists a p-rational ordinary chracter x of G whose reduction 
modulo p is cp. Clearly Or(H) is in the kernel of x (cf. [ 17, Lemma 3.4]), so 
x is a character of G/OP(H). Since x is p-rational and irreducible modulo p, 
it also contains H/OP(H) in its kernel (cf. [13, X, 2.41). Hence x is a 
p-rational character of G/H lifting cp. This completes the proof. 
PROPOSITION 2. Let G be an QL-group and S a composition factor of G. 
Suppose that a Sylow p-subgroup of S is cyclic. Then the Brauer tree of the 
principal p-block of S is a star. 
Proof We may assume that p is odd. By Proposition 1, it is no loss of 
generality to assume that S is a direct factor of some minimal normal sub- 
group of G. Now let cp be an irreducible Brauer character in the principal 
p-block of S. Lemma 5.1(b) of [ 171 asserts that cp is liftable provided it is 
invariant in Aut(S). By Lemmas 3.1 and 2.3 of [ 141 every irreducible 
character in the principal block is fixed by the automorphisms of the 
group. 
3. BRAUER TREES OF SIMPLE GROUPS 
In this section the classification theorem is used to prove that a finite 
simple group has a cyclic Sylow r-subgroup. With known exceptions, the 
Brauer tree of the principal r-block is not a star. 
PROPOSITION 3. Let G be a finite nonabelian simple group. Then there is 
a prime r with r 1 1 G 1 such that: 
(a) A Sylow r-subgroup of G is cyclic. 
(b) Zf G # PSL(2, q), then the Brauer tree of the principal r-block of G 
is not a star. 
Proof. We consider in turn the sporadic simple groups (including the 
Tits group), the alternating groups, and finally the groups of Lie type. 
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(1) The character tables of the sporadic groups and the Tits group 
are given in the Atlas [lo]. To check the assertions, use the fact that the 
part of the Brauer tree corresponding to real valued characters is a straight 
line (see [13, VII, 9.21). 
(2) Suppose G= A,,, the alternating group on n letters. Let r be a 
prime such that n 3 r>n/2 (a prime with this property always exists by 
Bertrand’s postulate, see [ 16, Satz 4.18, p. 3901). Then a Sylow r-subgroup 
R of the symmetric group S, is cyclic of order r, so (a) is proved. The 
character table of S, is rational, hence the normalizer in S, of R induces 
the full automorphism group on R. Therefore, the principal r-block B of S, 
contains exactly r - 1 irreducible Brauer characters (cf. [ 13, VII, 1.3, VII, 
2.11). All ordinary characters in B are real, so the Brauer tree of B is a 
straight line with r - 1 edges. 
If 1 is any ordinary irreducible character in B, then the constituents of 
x 1 A, lie in the principal r-block b of A,,. Now 11 A, is reducible if and 
only if x(p) = 0 for all p not contained in A,. If this happens for some x in 
B, then clearly the alternating character is contained in B. 
Then, by Nakayama’s conjecture [21, 6.1.211, the r-cores of the par- 
titions (n) and (1”) are the same. Since r > n/2 this implies r = II - 1 or 
r = n. 
So if irz < r < IZ - 1, the r restrictions of the characters in B are exactly 
the ordinary irreducible characters of 6. The tree of b is a straight line with 
r - 1 edges. If r E {n, n - 1 }, then B contains $ (r - 1) pairs of associated 
characters and exactly 1 which is induced from A,. Therefore, in this case, 
the tree of b is a straight line with 1 (r - 1) edges. In any case, the tree is 
not a star, if i (r - 1) 3 3, i.e., r > 7. This proves the assertion for A,, n > 7. 
The groups A, z PSL(2,4) and A, E PSL(2,9) need not to be considered. 
(3) To deal with the finite simple groups of Lie type, we introduce 
the usual well-known setup. Let G be a simple, simply connected linear 
algebraic group and Q an endomorphism of G such that the set of fixed 
points G, is finite. If Z(G,) denotes the centre of G,, then every finite sim- 
ple group of Lie type is isomorphic to some G,/Z(G,). The first two 
columns of Table I list the possibilities for G, and I Z(G,) I (see [7, Sec. 1; 
9, pp. 18, 203 for a reference). 
If T is a o-stable maximal torus of G, the subgroup To = G, n T is called 
a maximal torus of G,. The G,-conjugacy classes of o-stable maximal tori 
in G correspond to the a-conjugacy classes of I+‘, the Weyl group of G (cf. 
[7, 3.3.31). A maximal torus in the (nontwisted) Chevalley group G, is 
called a Coxeter torus if it corresponds to the class of Coxeter elements in 
W. If G, is a Steinberg group (i.e., a twisted Chevalley group not equal to a 
Ree or Suzuki group) a maximal torus corresponding to a twisted Coxeter 
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TABLE I 
IZ(G,)l ICI ING.E)I n 
I T:l 
A,(q), 12 1 
4(q), 12 2 
C,(q), 1 a 3 
D,(q), 12 4 
J%(q) 
E,(q) 
E,(q) 
F,(q) 
G,(q) 
*A,(q). 12 2 
*~,(qx I> 4 
3D4(q) 
2Edq) 
ZE*(q), q2 = 2*m+ ’
2F4(q), q2 = 22” + ‘ 
‘G,(q), q2 = 3*“‘+ ’ 
(I+ l,q- 1) 
2 
(Zq-1) 
(4,4’- 1) 
(Xq-1) 
(2,4-l) 
1 
V+Lq+l) 
(4, q’+ 1) 
1 
(37q+l) 
1 
1 
q’+q’-‘+ ‘.’ +q+1 1-k 1 1+1 
q’+ 1 21 21 
q’+ 1 21 21 
(6’+l)(q+l) 2(1- 1) 2(1- 1) 
w-q2+ l)(q2+q+ 1) 12 12 
w-q3+ l)(q+ 1) 18 18 
q*+q7-q5-q4-q’+q+ 1 30 30 
q4 - q* + 1 12 12 
42-q+ 1 6 6 
(q’+’ + l)/(q+ l), /even I+1 2(1+ 1) 
q’+ 1, lodd I 21 
q’+ 1 I 21 
q4-qz+ 1 4 12 
q6-q3+ 1 9 18 
q*-J&f 1 4 8 
q‘+5q3+qZ-Jiq+ 1 12 24 
q*-Jxq+l 6 12 
element is called a twisted Coxeter torus. For the definition of twisted 
Coxeter elements and some of their properties see [23, Sect. 73. The 
Coxeter and twisted Coxeter tori (denoted by pg in the following) are 
always cyclic except in the case G is of type D,, where TO z Z,,- I + , x Z, + 1 
(cf. [ 151). The orders of these tori are listed in Table I. Finally, the Suzuki 
and Ree groups have cyclic maximal tori of the orders given. A proof of 
these facts can also be found in [15]. 
For a positive integer m let @, denote the m th cyclotomic polynomial. 
The order of G, is a product of cyclotomic polynomials in q. Let n be the 
largest integer such that Q,,(q) divides ( G, 1. This number n is given in the 
last column of Table I. Note that for the Suzuki and Ree groups q is not an 
integer. 
Now observe that if G, is not one of the latter, TO has a cyclic subgroup 
of order @,Jq). A prime r dividing qs - 1 but not q’- 1 for t < s is called a 
primitive divisor of qs - 1. If r is a primitive divisor of qs - 1 then r 
obviously divides as(q). Primitive divisors exist for all pairs (q, s) except 
(q, s)= (2,6) or (q, s)= (26- 1, 2) (cf. [lS, Theorem 8.31). If G, is a 
Chevalley or Steinberg group with corresponding (q, n) # (2,6) and 
(q, n) # (2b- 1,2), let r be a primitive divisor of q” - 1. If (q, n) = 
(2b - 1,2) then G, = X(2, p) with p a Mersenne prime. In this case take 
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2 # r 1 p - 1. If (q, n) = (2,6) corresponds to G, such that G,/Z(G,) is non- 
abelian simple, then G, is one of A,(2), B,(2), C,(2), D,(2), ‘A,(2). 
However, B,(2) E C,(2), and both C,(2) and D,(2) have a cyclic, self-cen- 
tralizing Sylow subgroup of order 7 (see [lo]). Take r = 7 in these cases 
and r= 31 in case A,(2). Also, 2A,(2) E C,(3) so that we can take r as 
above. If G, is a Suzuki or Ree group, let r be any prime dividing 1 F, I. 
Note that 1 pq1 # 1 only if q2 > 2 or q* > 3 resp. but the cases q* = 2 and 
q* = 3 lead to nonsimple groups. Let R be a Sylow r-subgroup of T”,. Then 
R is cyclic. In case G, is a Suzuki or Ree group, we have ( 1 p0 1, 
) G, : T”, I ) = 1, in particular (r, 1 G, : Fc I) = 1. By choice of r, the same is 
true if G, is a Chevalley or Steinberg group. It follows that R is a cyclic 
Sylow r-subgroup of G,. Since r does not divide IZ(G,) 1, part (a) of the 
proposition is proved. 
A semisimple lement of G is called regular if its centralizer is a maximal 
torus. Since every semisimple lement is contained in some maximal torus, 
this element is regular if and only if its centralizer is the maximal torus it is 
contained in. Let x generate R. Then x is regular. If G, is a classical group, 
this is proved in [24, Sect. 6-111. For a (nontwisted) Chevalley group G,, 
a proof is given in [3, Sect. 21. The result in the remaining cases is proved 
in [24, Sect. 12-18 and 213. It follows that C,JR) = T”,. Since T” contains 
regular elements, we have N&Y),, :=N,(T)nG, =NG,(pc) by 
Proposition 3.6.4 of [7]. If 3” is obtained from a maximally split torus by 
twisting with WE W, we have N,(T”),/T”,rC,,(w), where C,,(w) 
denotes the o-centralizer of w in W (cf. [7, Proposition 3.3.61). A Coxeter 
element only commutes with its powers (cf. [6, Lemma 311). So if (T acts 
trivially on W, which is the case for all Chevalley groups, we find 
1 C,,(w) 1 = 1 w I. The centralizers of the twisted Coxeter elements can be 
determined using Theorem 7.6 of [23]. In the remaining cases the numbers 
1 C,,(w) 1 are given in [ 151. This completes the proof of the fourth column 
of Table I. Since NG,( T”,) < NG,( R) we have I NG,( T”,) : PO I < 
1 N,,(R) : C&R) 1. This last number gives the number of edges of the 
Brauer tree in the principal r-block of G,. 
Since r does not divide I Z(G,) 1, the characters in the principal r-block 
all have Z(G,) in their kernel. Hence the Brauer trees of the principal 
r-blocks of G, and the simple group G,/Z(G,) agree. By the above if G is 
not of type A,, the number of edges of this tree is at least three. In a 
classical group, all nonexceptional characters are rational valued (cf. [22, 
Sect. 61). Therefore, in this case, the tree is a straight line (G, # PSL(2, q)) 
with at least three edges, hence no star. If G, = 3D,(q), then all nonexcep- 
tional characters in the principal r-block are rational (see the character 
table in [ 111). If G, = G,(q), q odd, then the block contains at most one 
pair of complex conjugate characters (cf. [8, 12]), so the tree is not a star 
in this case. In [25] sufficient information about the character table of 
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2G 2(q) is supplied to check that the tree is no star. The relevant tree for the 
Suzuki groups 2B2(q) is given in [S]. It is no star. 
Observe that in all of the remaining cases except E,(q), q odd, we have 
1 C&R) I = I p0 I is odd. It follows from a theorem of Blau [2] that if the 
tree of the principal r-block is a star, then G, has exactly one conjugacy 
class of involutions. Now the conjugacy classes of involutions of simple 
groups of Lie type are known (cf. [l; 20; 26, p. 5121). In all the cases we 
are left with there are more than one. 
To complete the proof, it remains to consider G, = E,(q), q odd. Let B 
be a Bore1 subgroup of G,. Since r/ I B 1, x = (1 B) t G, is a character of a 
projective r-representation of G,. By the theory of Hecke algebras (cf. [7, 
Chap. lo]) we know how to decompose x into its irreducible constituents. 
These constituents correspond to irreducible characters of the Weyl group 
W. An irreducible character $ is contained 9( 1) times in x if $ corresponds 
to the irreducible 9 of W. The degrees of the constituents of x are known 
[7, p. 482f]. We can therefore restrict x to the sum of those r-blocks, which 
have nonzero defect. Using the notation of [7], we obtain that x’= 
‘PI.0 + 7%1 + 7%46 + (PI.63 + 2i%l,6 + 2h 33 + 3%3,,,3 + 3535,22 is the 
character of a projective module. Now the adjoint Chevalley group E,(q) 
has a subgroup of order prime to r and index less than q63 (see [20, p. 
2901). Then, of course, G, has a subgroup with the same properties. This 
implies that the projective indecomposable module corresponding to the 
trivial r-modular representation has dimension less than q63. Therefore, the 
Steinberg character is not joined to the trivial character in the Brauer tree. 
The above equation for 1’ now implies that the principal r-block of G, 
contains at least six different irreducible constituents of x’. Since these are 
all rational valued (by degrees), the Brauer tree of this block is not a star. 
This completes the proof of the proposition. 
4. LINEAR GROUPS IN Two DIMENSIONS 
To complete the proof of Theorem A’ it remains to consider the groups 
PSL(2; q). By Propositions 2 and 3 these are the only groups that can 
possibly occur as composition factors of !Z-groups. We deal with the odd 
characteristic groups first. 
PROPOSITION 4. Let G= PSL(2, p’), p’> 5, odd. Then G is not a 
composition factor of an !Zb-group. 
Proof. By Proposition 1 we may assume that G is a direct factor in a 
minimal normal subgroup of an g;-group (if the assertion is false). 
Therefore, if cp is an irreducible p-modular character of G, the sum of some 
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conjugates of cp is liftable by Lemma 5.1(a) of [17]. In particular, ~(1) 
divides 1 G I. 
Let rp be an irreducible p-modular character of G of degree p (cf. [4]). If 
x is an ordinary irreducible character with p I x( 1 ), then x is the Steinberg 
character which is irreducible modulo p. So if x lifts the sum of conjugates 
of cp we must have x = cp (on p-regular classes). This implies 
q= x(1) = ~(1) = p, i.e., G = PSL(2, p). Now G has irreducible Brauer 
characters of prime degree for all primes less than p. If all these degrees 
divide 1 G 1, then so does their product. This is a contradiction since the 
product of the first n primes is larger than the square of the (n + 1)st prime 
(if n 3 4, i.e., p z 7). This completes the proof of the proposition. 
Next we deal with the groups PX(2, q), q even. To show that these 
groups cannot occur as composition factors of &-groups, we use 
Theorem 3.7 of [ 171. This tells us the following: If PSL(2, q) is a com- 
position factor of an &-group and cp an irreducible 2-modular character of 
PSL(2, q), then there is an extension of PSL(2, q) by a 2-group and an 
ordinary character x of this extension such that the reduction of x modulo 
2 is a sum of conjugates of cp. 
PROPOSITION 5. Let G, = PSL(2,2’), f B 3. Let G be an extension of G, 
with P 4 G, P a 2-group and G/P z Go. Denote the Brauer character of the 
natural 2-dimensional representation of G, = SL(2,2/) by l (corresponding 
to a fixed 2-modular system). Let < = 5,) . . . . cr be the conjugates of < under 
Aut(G,). Consider 5 1, . . . . [,r as Brauer characters of G. Finally, let 9 = 
C {= 1 n,ri, ni > 0. Then there is no ordinary irreducible character of G whose 
reduction module 2 is 9. 
Proof Suppose x is an ordinary irreducible character of G whose 
restriction to the odd order elements is 9. We proceed in a series of steps. 
Step 1. Let p, q be odd primes, p #q. Let n be either p or pq. If E is a 
set of primitive n th roots of unity, then we have: 
(a) E is linearly independent over Q; 
(b) if I E( d cp(n) - 1, then {l} u E is linearly independent over Q 
(cp denotes the Euler function). 
Proof: Let I and p be primitive pth resp. qth roots of unity. Then every 
primitive pqth root of unity is of the form nip’, 1 <i< p- 1, 1 < j<q- 1. 
The set of roots {A’ I 1~ i < p - 1 } is a Q-basis of Q(n) and 
{nip’ I 1 d id p - 1, 1 d j< q - 1 } is a Q-basis of a(,+). Thus (a) is 
proved. 
The sum of the nth roots of unity is f 1. In each of the above bases we 
can therefore exchange any element by 1 to retain a basis. This proves (b). 
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Step 2. There exist elements U, u E G with the following properties: 
(a) U, u have odd order; 
(b) luPl[ 12f- 1, luPl I12’+ 1; 
Cc) ~(u)#o#qu); 
(d) S(u)$Q forf>3; forf=3 either $(u)$Q or $=n(rr +{, +t3) 
for some n > 0; 
(e) (u’, u’, P) = G, whenever u’, u’ are conjugate in G to u resp. u. 
Proof: G,, has cyclic subgroups of orders 2f - 1, 2f+ 1. Consider the 
case f > 3 first. By Zsigmondy’s theorem [18, Theorem 8.31 there is a 
prime p dividing 2*/ - 1 but p not dividing 2’- 1 for i < 2f: Thus 2f is the 
order of 2 modulo p, hence 2f < p - 1. 
Obviously p divides 2f+ 1. We distinguish two cases. If 2f+ 1 = p”, 
a > 1, then a = 1 and p is a Fermat prime as is well known. Here we have 
2f~2.‘-1=p-2=cp(p)-l.Letu,beanelementofG,oforderpinthis 
case. If 2’+ 1 has a prime divisor q different from p, let u0 be an element of 
orderpq.From2fdp-1 weconclude2f<(p-l)(q-l)-1=&q)-1. 
We have S(u,)=a+a-‘, where a is some primitive I u0 I - th root of 
unity. The values of the conjugates of 5 on u,, are tj(uO) = a*‘-‘+ tl-*‘-I, 
1 <i<J: Let E= (a*‘-‘, a-*‘-’ I l<i<f}. Then IEl<2fdcp(lu,I)-1. 
Now $(u,,) is a linear combination of elements of E with nonnegative 
integral coefficients. At least one of these is nonzero (since x and hence 9 is 
nonzero). It follows from Step l(b) that S(Q) I$ Q. 
Iff = 3 let u0 be an element of order 9. We have <(uO) = CI + a*, where a is 
some primitive ninth root of unity. Furthermore, r2(u0) = a* + a’, g3(uo) = 
r4 + r5. Obviously, S(u,,) # Q except when 9=n(t, +t2 +t3), n>O. In this 
case take u0 to be an element of order 3. Then ((Q,) = - 1, S(Q) = - 3n # 0. 
If f’3 4 is even, let r = 3. If f > 3 is odd let r be a primitive divisor of 
2.f- 1. Let u0 be an element of Go of order r. Iff is even, 5(u0) = - 1, hence 
S(uO) # 0. If f is odd, then f is the order of 2 modulo r, i.e., f I r - 1. Since f 
is odd we even have 2f Ir- 1, i.e., 2f dr- 1. We have 5(u,)=a + u-‘, 
where a is some primitive rth root of unity. Let E= (a2’-‘, 
a-*‘-’ I 1~ i < f }. Then $(uO) is a linear combination of elements of E with 
nonnegative integral coefficients. Since at least one of these is nonzero, we 
conclude with Step l(a) that S(uO) # 0. 
From the list of subgroups of G, we obtain: Whenever Ho < G, and 
I u0 I . I u0 I I I H, 1, then H, = G,,. Let U, u E G such that U, u have odd order 
and UP = u,,, UP = uO. Then S(uO) = S(u), S(uO) = S(u) and all parts of Step 
2 follow. 
Step 3. Let $ be an irreducible constituent of x restricted to P. Then ~5 
is invariant in G. 
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Proof: Let T be the inertia group of $. By Clifford’s theorem, there is 
an irreducible character i of T such that x = iG. Now x(u) #O # X(V) (Step 
2(c)). Therefore T contains elements which are conjugate to u resp. u. By 
Step 2(e) we have T= G. 
Step 4. Let II/ be as above. Then $ is extendible to G. 
ProojY The Schur multiplicator of G/P = SL(2, 2’) is trivial (notice 
f>3). 
Step 5. If S(u) 4 Q then there is an irreducible character x’ of G such 
that x # x’, x( 1) = x’( 1 ), and IJ is a constituent of x’ restricted to P. 
Proof: We have Q(n( g) I g E G, ;1 irreducible) s (Q(E,))(E,), where E, is 
some lth, .s2 some mth root of unity, m is odd, and I is a power of 2. By 
Step 2(d), (a) there is a 0 EGal((Q(s,))(s,)/Q(e,)) such that x0 #x. Then 
x’= x0 is irreducible, has the same degree as x, and contains $ when 
restricted to P. 
We can now complete the proof of Proposition 5 as follows. Let x0 be an 
extension of +. Then by [ 19, Corollary 6.171 there is an irreducible charac- 
ter x, of G/P such that x = ;xOx,. Suppose first that Q(v)E Q. Then by 
Step2(d),f=3 and x(1)=9(1)=3. n .2. Since the degree of x0 is a power 
of 2, we must have 3 dividing x,( 1). From the character table of SL(2, 8) 
we see xi(l) = 9, xi(u) = 0 hence x(u) =O. This contradicts Step 2(c). Sup- 
pose now that S(u) # Q. Let x2 be an irreducible character of G/P with 
1’ = x0x2. Then x, (1) = x1( 1) and x, # x2. By inspecting the character table 
of G/P= X(2,2’) we see that x1 has degree either 2-‘+ 1 or 2’- 1. In the 
first case x ,(uP) = 0, hence X(V) = 0. In the second case x ,(uP) = 0, hence 
X(U) = 0. This contradiction concludes the proof of the proposition. 
It remains to consider PSL(2,4) = A,. The following proposition com- 
pletes the proof of Theorem A’. 
PROPOSITION 6. A, is not a composition factor of an L3;-group. 
Proof Let G be an 2; of minimal order such that A, is a composition 
factor. Let H be a minimal normal subgroup of G. Since G/H is again an 
Q!;-group, it does not contain A, by minimality. Therefore 
H = H, x . . . x H,, where each H, is isomorphic to A,. Suppose L is a 
minimal normal subgroup of G different from H. Then L n H = 1. On the 
one hand, G/L does not contain A, as composition factor. On the other 
hand, H 2 HL/L is contained in GIL. This contradiction shows that H is 
the unique minimal normal subgroup of G. Now C,(H) is a normal sub- 
group of G with H n C,(H) = Z(H) = 1. Therefore, C,(H) = 1 and we have 
an embedding G -+ Aut(H) r Aut(A,) 2 S,. 
Let ii be the unique absolutely irreducible 5-modular character of 
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Hi z A, of degree 3. Let OO = iI x iz x ... x [,. Then QO is the unique 
irreducible 5-modular character of H of degree 3”. We wish to show that 
Q,, is extendible to G. For this purpose let A g Aut(H) = S, \ S, with 
G < A. If @,-, is extendible to A, then it is certainly extendible to G. Let L be 
the base group of A, i.e., L = S5 x . . . x Ss (n times). Then H < L and QO is 
extendible to L since each ii is extendible to Sg. Let CD’ be an extension of 
GO to L and consider CD = (det @‘) @‘, where det @’ is the l-dimensional 
character of L obtained by composing a representation corresponding to 
@’ with the determinant. Then det @ = (det cD’)~” det @’ = (det @‘)* = 1, 
since L/H is an elementary abelian 2-group. Every extension of QO to L is 
of the form @. A, where A is an irreducible representation of L/H. This 
follows by standard arguments, using the fact that 5 [ 1 L : HI. Therefore @ 
is the unique extension of QO to L with the property that its determinant is 
1. From this it follows that @ is invariant in A and hence extendible to A 
[21, p. 1541. 
It is now easy to finish the proof. Let Q1 be an extension of @,, to G. 
Since G is an &-group there is a 5-rational lift x of G1. Since reduction 
modulo p commutes with restriction, xH is a lift of QO. Therefore $ = xH is 
irreducible and 5-rational. But $( 1) = QO( 1) = 3”, so $ = p, x . . . x pL,, 
where each pi is an ordinary irreducible character of A, of degree 3. By the 
character table of A,, none of the pi and hence neither tj is 5-rational. This 
contradiction completes the proof of the proposition. 
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